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Abstract 

The Ricci flow is an evolution system on metrics. For a given metric as initial 
data, its local existence and uniqueness on compact manifolds was first established 
by Hamilton |S]. Later on, De Turck j3] gave a simplified proof. In the later of 80's, 
Shi (20] generalized the local existence result to complete noncompact manifolds. 
However, the uniqueness of the solutions to the Ricci flow on complete noncompact 
manifolds is still an open question. Recently it was found that the uniqueness of the 
Ricci flow on complete noncompact manifolds is important in the theory of the Ricci 
flow with surgery. In this paper, we give an affirmative answer for the uniqueness 
question. More precisely, we prove that the solution of the Ricci flow with bounded 
curvature on a complete noncompact manifold is unique. 
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1 Introduction 



Let (M n ,gij) be a complete Riemannian (compact or noncompact) manifold. 
The Ricci flow 



with gij(x,0) = gij(x), is a weakly parabolic system on metrics. This evolution 
system was introduced by Hamilton in Now it has proved to be powerful in the 
research of differential geometry and lower dimensional topology (see for example 
Hamilton's works [Hj, [THj . [TH] and the recent works of Perelman ^Hj, [IZj)- The 
first matter for the Ricci flow (1.1) is the short time existence and uniqueness of 
the solutions. When the manifold M n is compact, Hamilton proved in |8 that the 
Ricci flow (1.1) has a unique solution for a short time. So the problem has been well 
settled on compact manifolds. In 0j, De Turck introduced an elegant trick to give 
a simplified proof. Later on, Shi |20j extended the short time existence result to 
noncompact manifolds. More precisely, Shi [2U] proved that if (M n , g^) is complete 
noncompact with bounded curvature, then the Ricci flow (1.1) has a solution with 
bounded curvature on a short time interval. In this paper, we will deal with the 
uniqueness of the Ricci flow on complete noncompact manifolds. 

The uniqueness of the Ricci flow is important in the theory of the Ricci flow 
with surgery (see for example ^B], and [2j). When we consider the Ricci flow 
on a compact manifold, the Ricci flow will generally develop singularities in finite 
time. In the theory of the Ricci flow with surgery, one eliminates the singularities 
by Hamilton's geometric surgeries (cut off the high curvature part and glue back a 
standard cap, then run the Ricci flow again). An important question in this theory 
is to control the curvature of the glued cap after surgery. The uniqueness theorem 
of the Ricci flow insures that the solution on glued cap is sufficiently close to a 
(complete noncompact) standard solution, which is the evolution of capped round 
cylinder. Then we can apply the estimate of the standard solutions [T7j and [2] to 
get the desired control on curvature. The employing of the uniqueness theorem is 
essential. So even if we consider the Ricci flow on compact manifolds, we still have 
to encounter the problem of uniqueness on noncompact manifolds. 

It is well-known that the uniqueness of the solution of a parabolic system on 
a complete noncompact manifold does not always hold if one does not impose any 
growth condition of the solutions. For example, even the simplest linear heat equa- 
tion on R with zero as initial data has a nontrivial solution which grows faster than 
e a M f or ari y a > whenever t > 0. This says, for the standard linear heat equation, 
the most growth rate for the uniqueness is e a ' x ' . Note that in a Kahler manifold, 
the Ricci curvature is given by 



d_ 

dt 



2Rij(x,t) 



for x e M n and t > 



(1.1) 




logdet(g k j). 
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Thus the reasonable growth rate that we can expect for the uniqueness of the Ricci 
flow is the solution with bounded curvature. 

In this paper, we will prove the following uniqueness theorem of the Ricci flow. 

Theorem 1.1 Let (M n , gij(x)) be a complete noncompact Riemannian manifold of 
dimension n with bounded curvature. Let gij(x,t) and g~ij(x,t) be two solutions to 
the Ricci flow on M n x [0,T] with the same g-ij{x) as initial data and with bounded 
curvatures. Then gy(x,t) = gij(x,t) for all (x,t) G M n x [0, T]. 

Since the Ricci flow is not a strictly parabolic system, our argument will apply 
the De Turck trick. This is to consider the composition of the Ricci flow with a 
family of diffeomorphisms generated by the harmonic map flow. By pulling back the 
Ricci flow by this family of diffeomorphisms, the evolution equations become strictly 
parabolic. In order to use the uniqueness theorem of a strict parabolic system on 
a noncompact manifold, we have to overcome two difficulties. The first one is to 
establish a short time existence for the harmonic map flow between noncompact 
manifolds. The second one is to get a priori estimates for the harmonic map flow 
so that after pulling backs, the solutions to the strictly parabolic system still satisfy 
suitable growth conditions. To the best of our knowledge, one can only get short time 
existence of harmonic map flow by imposing negative curvature or convex condition 
on the target manifolds (see for example, [S] and [3]) or by simply assuming the image 
of initial data lying in a compact domain on the target manifold (see for example 
[To]). In 0, we observed that the condition of injectivity radius bounded from 
below ensures certain uniform (local) convexity and showed that this is sufficient to 
give the short time existence and the a priori estimates for the harmonic map flow. 
Thus in [2J, we obtained the uniqueness under an additional assumption that the 
initial metric has a positive lower bound on injectivity radius. The main purpose 
of this paper is to remove this additional assumption. Note from [3J or [T] that the 
injectivity radius of the initial manifold decays at worst exponentially. This allows 
us to conformally straighten the initial manifold at infinity. Our idea is to study the 
evolution equations coming from the composition of the Ricci flow and harmonic 
map flow, as well conformal change. 

This new approach has the advantage of transforming the Ricci flow equation to a 
strictly parabolic system on a manifold with uniform geometry at infinity. We expect 
that it could also give new short time existence for the Ricci flow without assuming 
the boundedness of the curvature of the initial metric. As a direct consequence, we 
have the following result. 

Corollary 1.2 Suppose (M n , gij{x)) is a complete Riemannian manifold, and sup- 
pose gij(x,t) is a solution to the Ricci flow with bounded curvature on M n x [0,T] 
and with gij{x) as initial data. If G is the isometry group of (M n , gij(xj) , then G 
remains to be an isometric subgroup of (M n , gij(x,t)) for each t e [0, T]. 

This paper is organized as follows. In Section 2, we study the harmonic map 
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flow coupled with the Ricci flow. In Section 3, we study the Ricci-De Turck flow 
and prove the uniqueness theorem. 

We are grateful to Professor S. T. Yau for many helpful discussions and en- 
couragement. The second author is partially supported by the IMS of The Chinese 
University of Hong Kong and the first author is supported by FANEDD 200216 and 
NSFC 10401042. 



2 Harmonic map flow coupled with the Ricci flow 



Let (M n ,gij(x)) and (N m ,hij(y)) be two Riemannian manifolds, / : M n — > N m be 
a map. The harmonic map flow is the following evolution equation for maps from 
M n to N m , 

^f(x,t) = Af(x,t), forxGMV>0, 

f(x,0) = f(x), for x G M n , 
where A is defined by using the metric gij(x) and h a p{y) as follows 

Ar(x,t)=g i f(x)V i V j r(x,t), 

and 

y.v.f a = --^-r fc — + r — — (2 2) 

1 jJ dx^dxi ij dx k ^d&dxJ' K '> 

Here we use {x 1 } and {y a } to denote the local coordinates of M n and N m respec- 
tively, r^- and the corresponding Christoffel symbols of and h a p. 

Let gij{x, t) be a complete smooth solutions of the Ricci flow with gij(x) as initial 
data, then the harmonic map flow coupled with Ricci flow is the following equation 

^f(x, t) = A t f(x, t), for x G M n , t > 0, 

f{x,0) = f(x), for x G M n , 

where A t is defined as above by using the metric gij(x,t) and h a p{y). 

Suppose gij(x,t) is a solution to the Ricci flow on M n x [0,T] with bounded 
curvature 

\Rm\(x, t) < k 

for all (x,t) G M n x [0,T]. Let {N n , h a/3 ) = (M n , gij (-,T)) be the target manifold. 
The purpose of this section is to prove the following theorem 

Theorem 2.1 There exists < T < T , depending only on k , T and n such that 
the harmonic map flow coupled with the Ricci flow 

S F( *' f) = A ' F{X ' th (2.3) 
F(-, 0) = identity, 
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has a solution on M n x [0, T ] satisfying the following estimates 

IVFI < Ci, 



V fc F| < C fc rV, for all k > 2, ^'^ 



for some constants Ck depending only on k , T , k and n. 
The proof will occupy the rest of this section. 



2.1 Expanding base and target metrics at infinity 

We will construct appropriate auxiliary functions on M n and N n and do conformal 
deformations for the base and the target metrics. Firstly, we construct the func- 
tion on (iV n , h a p). The function can be obtained by solve certain equations [TS] or 
smoothing certain functions by convolution jjj. 

Lemma 2.2 Fix p G N n . Then for any a ^ 1, there exists a C°° nonnegative 
function (p a on N n such that 

ip a (y) = on B(p,a), 

d(y,p)^ip a (y)^C d(y,p) on N n \B(p,2a), (2.5) 
iVVaKC^ on N n , fork>l, 

where Ck, i = 0, 1,2, • • • , are constants depending only on ko and T; the distance 
d(y,p), the covariant derivatives V k p a and the norms \¥ k tp a \ are computed by using 
the metric h a p. 

Proof. Let £ be a smooth nonnegative increasing function on R such that £(s) = 
for s G (— oo, |], and £ = 1 for s G [|,oo). For each y G N n , by averaging the 
functions £(SM2) anc i ( f(p ) y~j over a suitable ball of the tangent space T y N n (see for 
example jjj), we obtain two smooth functions £ a and p. Notice that (N n ,h a p) = 
(M n , gij(', T)), thus all the covariant derivatives of the curvatures of h a p are bounded 
by using Shi's gradient estimates Then <p a = C£ a p, for some constant C 

depending only on ko and T, is the desired function. 

# 

Recall from 3J and pQ that on a complete manifold with bounded curvature, 
the injectivity radius decays at worst exponentially; more precisely, there exists a 
constant C(n) > depending only on the dimension, and there exists a constant 
5 > depending on n, k and the injectivity radius at p such that 

inj(N n , h aP ,y) ^ Se^ 71 ^^. (2.6) 

Fix a ^ 1, let ip a = 4C(n)^/ko<f a an d set 

h% = e* a h af3 . (2.7) 
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Clearly, h a af} = h a p on B(p, a). Note that (N n , h a p) = (M n , g^-, T)), so the function 
(p a is also a function on M n . Let 

g? j (x,t) = e* a g ij (x,t) (2.8) 

be the new family of metrics on M n . Instead of (2.3), we will consider a new 
harmonic map flow 

() a a a 

a 

F(-, 0) = identity, 

where A t F is defined by using the metric gfj(x,t) and h^p(y)- 

Before we can solve (2.3) , we have to discuss the geometry of the new metrics 
hapiv) an d 9ij( x it)- Let us first compute the curvature and its covariant derivatives 
and injectivity radius of (N n , h^p) as follows. 

By a direct computation, we get 



Ra/3-yS Rap-yS H T" { | V</? a | 2 (h a shp 7 — ^cryfyc 



+ (2V a V^ a - V Q ^ a V^ a ) hfr + (2V /3 V 7V 9 a - V^ a V^ a )h aS (2 ' 9) 
- (2V /3 V 5 ^ a - V^ a V^>a 7 - (2V a V 7 ^ a - V Q ^ a V 7 ^ a ) V) 

a 

where -R a/ 3 7 s is the curvature of h^p, V a (p a 1 V a Vnp a and |V a </? a | are computed by 
the metric h a p. Therefore, by combining with (2.5), we have 



(2.10) 



\Rm\h* < e- v (h + C(n)(C 2 + Cl)) 
< oo. 

For higher derivatives, we rewrite (2.9) in a simple form 

R m = eV a {R m + Vif a * Vif a *h 2 * h~ l + VV * M 

where we use A * B to express some linear combinations of tensors formed by con- 
tractions of tensor product of A and B. Note that 

" - b 

-l\a 



= (V<p a *h*h- L ) a ^ 
so by induction, we have 

a a a a a a a 

v k R m = ww k ~ l R m + (r - r) * w k ~ l R m 

k 

1=0 iiH {-i p =k—l iiH \-i p =k+2 

(2.11) 



where we denote V tp a = 1. By combining with (2.5) and gradient estimate of Shi 
[U], we get 

\V k R m \ ha < e-^ a C(n, k , k,C ir --, C fc+2 )(^ \V l R m \ + 1) 

/=0 (2.12) 

«C C(n,k ,T, k)e~^ a 
^ C(n, ko, T, k). 

For the injectivity radius of h^p, we know from (2.5) and (2.7) that for any 
y E N n \B(p,2a+ 1), 



B(y, 1) D B{y,e- 2C{n)VVo{ipM) ) 

and 

Vol h «(B(y,l)) = f (e 4 ^)^)f 

JB(y,l) (2.13) 

y, e 2 ^( n )^o(^- c ^Vol h (B(y, g-^Mv^^a+Ci)^ 

a 

where we denote by B(y, 1) the ball centered at y and of radius 1 with respect to 

a 

metric h^a, and Volh^(B(y, 1)) its volume. 
Since 

<Pa(y) > d(y,p), 
for y G N n \B(p, 2a + 1), there holds 



comparison theorem, we have 



for y e N n \B(p,2a + l + By (2.6), (2.10), (2.13), (2.14) and volume 



Vol h a(B(y, 1)) ^ C(n, fc ) e 2 ^(")Vfe(Va-C 1 )( e -2C(n) V ^(^+Ci))n ^ 

^ c(n,fco), 

By combining this with the local injectivity radius estimate in jH] or P, we get 

inj(N n ,h a ,y)^C(n 1 k )>0, for y g N n \B(p, 2a + 1 + | _ [). 



C(n)v^' 



Consequently, we have proved the following lemma. 
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Lemma 2.3 There exists a sequence of constants Cq, C\, ■ ■ ■ , with the following 
property. For all a ^ 1, there exists i a > 0, such that the metrics h a a a = e^h^ on 
N n satisfy 



fc+2 , 



inj(N n ,h a ap )^t a >0 



for k = 0, 1, 



(2.15) 



# 



We next estimate the curvature and the its covariant derivatives of g^{x,t) = 
e* a gij(x,t). 

By the Ricci flow equation, we have 

r'.(-,T) - rj.(.,t) = /V 1 * vffic)(-, 
vJ ( , r) (r(-,T)-r(-,t)) = / T ^v fc+1 -%c* £ v^ T) (r(, s )-r(,T)) 



i=0 ii+H M P +1=Z 

* • • ■ * V; p ( . iT) (r(-, s) - V{-,T)) * * g^ k+1 \; s)ds. 



(2.16) 



By combining with the gradient estimates of Shi [20] and induction on k, we have 

r T i 

T(;T)-T(-,t) ^C(n,k ,T) / —(is, 

Jt V s 

\V g{ ., T) (r(;T)-r(;t))\^C(n,k ,T)(l + \logt\), 



(2.17) 



[ |Vj ( . )T) (r(-,T) -r(.,i))| ^ C(n,fc ,T,A:)rV, f or k > 2. 



Since 



fc-i 



v J(-,t)V fl = E v ^>°* E v ^,T)(r(-, *)-r(-, r))*- • -*vJ ( , T) (r(-, *)-r(, t)) 

(=0 »i+H \-i P +l=l 

for A; ^ 1, the combination with (2.17) and (2.5) gives 

|V„ ( ,t)¥> fl | + |V; ( . it)¥ > fl | ^C(n,k ,T), 

|Vj ( , t) ^| ^C(n,ko,T)(l + \logt\), (2.18) 
\V k g{ . yt) ip a \ ^C{n,k ,T } k)r^, for fc ^ 4. 

Then by combining (2.11) and (2.18), the curvature and the covariant derivatives of 
g a (-,t) can be estimated as follows 



a *» a 



fc+2 , 



|V # m |s a (-,i) < Cin.k^T^ky-—* /T 2 , for fc ^ 0. 
Summing up, the above estimates give the following 
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Lemma 2.4 There exists a sequence of constants k , k\, •■• , with the following 
property. For all a ^ 1, the metrics gfj(-,t) = e^g^-, i) on M n satisfy 

\V l R m \ ga{ ., t) ^ke-^ a t-K for 1^0. ( 2 -19) 

on M n x [0,T]. 

# 

We remark that the fact that the curvatures of h a al3 and gfj(-,t) are uniformly 
bounded (independent of a) is essential in our argument. While the injectivity radius 
bound i a may depend on a. 

For the new family of metrics gfj(-,t), we have the following lemma. 

Lemma 2.5 

mtfj = e^(-2% + (vV + V^ 1 * V<p a ) * g * Cg)' 1 ), 
gf^. = e^Cg)- 1 * VRic + (g)- 2 *g* (Ric * V<p a + V <p a ) 

e^|WV(-,t) + e* a \V ga( . )t)V a \ g « ( ., t) ^ C{n,k Q ,T), 

e lipa \^ ga( ., t ^ a \ 9 H;t) ^ C(n, ho, T)(l + | logt|), (2.20) 

a k 1 

e^ a \y ga{ ., t) V a W,t) ^C(n,ko,T,k)^, for k > 4. 

t 2 

Proof. Note that 

f - T = g * g- 1 * Vip a 

v V = v V + (f - r) * V(p a 

a 

vV a = Yl 5 fe_1 * (tf -1 )* -1 * V*V a * • • • * V i! v a 

iiH N P =fe 

where the summation is taken over all indices > 0. By combining this with (2.18), 

a 

we get the desired estimates for | ^ k g ^(-,t) ( P a \g a (-,t)- One the other hand, since 

hj = Rij + (vV + v^ a * Vv? a ) * ^ * g~\ 

it follows that 

ViSj, = ViRji + <f * g^ 1 * (R a ic * Vip a + v V) 
+ {g a f * {g a Y 2 * (vV * Vy? a + (W 1 ) 3 ). 
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By combining this with 

— r = — T k - + — (a" 1 *q* v/) 

dt 13 dt tJ dt Ky y ^' 

= -g kl (V i R j i + VjRu - ViRij) + g * g~ 2 * Ric * V</A 
we have proved the lemma. 

2.2 Modified harmonic map flow 



# 



The purpose of this subsection is to solve the equation (2.3) a . More precisely, we 
will prove the following theorem 

Theorem 2.6 There exists < 7\ < T, depending only on k , T and n such that 
for all a ^ 1 the modified harmonic map flow flow coupled with the Ricci flow 



Q a a a 

-F(x,t) = A t F(x,t) 

a 

F(-,0) = identity 
has a solution on M n x [0, T ] satisfying the following estimates 

\VF\<C(n,k ,T), 

|V F\ < C(n,^T,j;)rT, for all k > 2, 



(2.3) a 



(2.21) 



for some constants C(n, k ,T, k) depending only on n, k , T, and k but independent 
of a. 

a 

Note that F is viewed as a map from (M n , gfj(x, t)) and (N n , h a al3 (y)) , all the 
covariant derivatives and the norms in Theorem 2.6 are computed with respect 
g1j(x, t) and h^i^y). We begin with a easier short time existence of (2.3) a where the 
short time interval may depend on a. 

2.2.1 Short time existence of the modified harmonic map flows 

We consider (2.3) a with general initial data. 

Theorem 2.7 Let f be a smooth map from M n to N n with 

a a 
E = sup |V/U(. )0 ),h S Ax) + sup |V /U(. )0 ),h» (x) < oo. 
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Then there exists a 5 > such that the initial problem 

Q a a a 

— F(x,t) = A t F(x,t), 

dt a (2.3)/ 
F(x,0) = f(x), 

has a smooth solution on M n x [0, 5o] satisfying the following estimates 

a a a a 

sup \VF\ g a { . m a (x,t)+ sup \V 2 F\ g a { . fi)K (x,t)^C(n,k ,T,a,E ) 

(x,i)6M»x[0,i ] P (x,t)eMn x [0,5 ] P 

,J^, , x C(n,k ,T,k,a) 

sup \V k F\ gt{ ., 0)K (x,t) ^ y °'_ a ' ~ , (2-22) 

(x,t)eM n x[0,5 Q ] P t~ 

for k > 3. 

We will prove the theorem by solving the corresponding initial-boundary value 
problem on a sequence of exhausted bounded domains D\ C D 2 C • • • with smooth 
boundaries and Dj D B^ a , \{P,j + 1) : 

, Q a a a 

—F ] (x,i) = A t F 3 (x,t), for x E Dj and t > 0, 

F j {x, 0) = f(x) for x £ Dj, (2.23) 

a 

F j (x,t) = f{x) forxedDj, 

a a 

and F will be obtained as the limit of a convergent subsequence of F^ as j — > oo. 
Here P is a fixed point on M n and ^(P,j + 1) is the geodesic ball centered at 
P of radius j + 1 with respect to the metric <?^(-, 0) 

a 

The following lemma gives the zero-order estimate of FK 
Lemma 2.8 There exist positive constants < T 2 < T and C > such that for 

a 

any j , if (2.23) has a smooth solution F- 7 on Dj x [0, T 3 ] with T 3 < T 2 , then we have 

d {NnAa) (f(x),Fi(x,t))<CVi, (2.24) 
for any (x,t) e Dj x [0,T 3 ]. 

a 

Proof. For simplicity, we drop the superscripts a and j of FK Note that the 
distance function d^ N n h a^(y 1 ,y 2 ) can be regarded as a function on N n x N n . Set 
i ! (yi,V2) = ^d 2 {Nntha) (y 1 ,y 2 ) and p(x,t) = ip(f(x),F(x,t)). Then ij)(x,t) is smooth 
when if) < \v\. Now we compute the equation of p(x,t): 

(- - A t )p = -d h *(f(x),F(x,t))-^A t r - HessmX u X 3 ){gT (2.25) 
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where the vector fields X^ % — 1, 2, • • • , n, in local coordinates (y", y%) on N n x N n 
are defined as follows 

df a d dF 13 d 
dx i dyf dx i dy% ' 

To handle the first term on the right hand side of (2.25), we use 

r|(x, t)-r\( x , o) = r* (x, *)-r* (x, o)+ 5 (-, t)*^-, *)* W+<?(-, o)*^-, o> w\ 

to conclude that 

a 

\Atf\g°(;t),h" < C(n,k ,T)E . 

Recall from Lemma 2.3 that the curvature of the metric /i^ is bounded by Cq. We 
claim that if dh<*(f(x), F(x, t)) < min{^, —7==}, then 



HessmX^X^gT > ^VF^. - C (2.26) 

where C = C(E , C ) depends only on E and Cq. 

Indeed, recall the computation of Hess(tp) in [TH]. For any (u, v) G D — {(u, v) : 
(u, v) G N n x N n , d]$n(u, v) < min{y, — 7^}}, let j uv be the minimal geodesic from 

2y Co 

u to v and ex G T M iV n be the tangent vector to 7 U „ at u. Then ei(-u,t>) defines a 
smooth vector field on D. Let {e^} be an orthonormal basis for T u N n which depends 
u smoothly. By parallel translation of {e{\ along 7, we define {e{\ an orthonormal 
basis for T v N n . Thus {ei, • • • e n , ex, ■ ■ • e n } is a local frame on D. Then For any 
X = X« + X^ G T (u>v) D, where 

n n 

X {1) = J> e *> and X(2) = ^2 Viet, 

i=l »=1 

by the formula (16) in |19j . 

Fe SS (^)(X,X) = V(&-»j i ) 2 + / t (V ei V,V ei V}+ t(V ei V,V Sl V) 

i=1 Jo Jo 



[ r t(R(ex,V)V,ex) - f t{R{ex, V)V, e 1 ) 
Jo Jo 



where V is a Jacobi field on geodesic a (connecting (v, v) to (u, v)) and a (connect- 
ing (u,u) to (u,v)) with X as the boundary values, where X is extended to be a 
local vector field by letting its coefficients with respect to {ei, • • • e n , ex, • • • e n } be 
constant (see [IH])- By the Jacobi equation, \V\, |V ei V| and |V gl V^| are bounded. 
Thus we have 

\Hess(ip)\ h a < C(i a , Cq) 
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under the assumption of the claim. So the mixed term d a t $ /f F? (g a Y j in Hess(vp) (X i7 Xj)(g a ) lj 

_ a a 

can be bounded by C(E , Cq)E \ VF\ g a th a. On the other hand, the Hessian compar- 
ison theorem for the points which are not in the cut locus gives 

d _± (r " of) ^± > l h a 



Thus the claim follows. 
Let 

7T 

T' 2 = max{t < T : sup d h a(f(x), F(x, t)) < min{i a , — 7=}}- 
d 4a/Co 

If F(x,t) is a smooth solution of (2.23) on D x [0,T 3 ] with T 3 ^ T 2 , by (2.25) and 
(2.26), we get 

(| " k)p < -\\^F\W + Cy/p + C (2.27) 

on D x [0, T 3 ], for some constant C depending on E , i a and Cq. Note that the initial 
and boundary values of p are zero, so by the maximum principle, we get 

d ha (f(x),F(x,t)) < CVt. 

This implies 

min{i a , -j=^) 2 
T 2 '>min{ ^—,T 3 }. 

Hence the lemma holds with 

min{z a , -t^} 2 
T 2 = min{ ^^,T}. 



# 

After we have the zero order estimate (2.24), we now apply the standard parabolic 
equation theory to get the following short time existence for (2.23). 

Lemma 2.9 There exists a positive constant T% < T 2 depending only on the dimen- 
sion n,a,T 2 and C in Lemma 2.8 such that for each j, the initial-boundary value 

a 

problem (2.23) has a smooth solution F^ on Dj x [0,T 3 ]. 
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Proof . For an arbitrarily fixed point Xq in Dj, choose normal coordinates {x 1 } 
and {y a } on (M n , g a (-, 0)) and (N n ,h a ) around x and f(x ) respectively. The 
equation (2.23) can be written as 

(2.28) 

a 

Note that rjg (/(zo)) = 0. By applying (2.24) and a result of Hamilton (Corollary 
(4.12) in JI]), we know that the coefficients of the quadratic terms on the RHS of 
(2.28) can be as small as we like provided T3 > sufficiently small (independent of 
x Q and j). 

Now for fixed j, we consider the corresponding parabolic system of the difference 

a 

of the map F J and f(x). Clearly the coefficients of the quadratic terms of the 
gradients are also very small. Thus, whenever (2.23) has a solution on a time 
interval [0, 7|] with T3 < T3, we can argue exactly as in the proof of Theorem 6.1 

a a 

in Chapter VII of the book ^3] to bound the norm of VF J over Dj x [0, T3] by 

a 

a constant depending only on the L°° bound of F in (2.23), the map f(x), the 
domain Dj, and the metrics gr?.(-,t) and h a afj over the domain -Dj+i. Hence by the 
same argument as in the proof of Theorem 7.1 in Chapter VII of the book we 

a 

deduce that the initial-boundary value problem (2.23) has a smooth solution F J on 
A-x[0,T 3 ]. 

# 

a 

Unfortunately, the gradient estimates of F J in the proof of the above lemma 

a 

depend also on the domain Dj. In order to get a convergent subsequence of F J , we 

a 

have to estimate the covariant derivatives of F^ uniformly in each compact subsets. 
Before we proceed, we need some preliminary estimates. 

a 

Lemma 2.10 The covariant derivatives of F^ satisfy the following equations 

— VF j = A,VF j + Ric(M n ) * WF j + R N * (VF J ) 3 , 
at 

£•—1 

a a a a a a x a a a a a a a a a 

V k F j = A t V k F j + V 1 [(Rm + Rn * (VF J ) 2 + e^R M + VV) * V k ~ l F j ], 



dt 

1=0 



[2.29) 



where V l (A * B) represents the linear combinations ofV l A * S ; V' 1 A * VB, 

A * V l B, and VV = e^(VV + V<p a * V^ a ). 

Proof For k = 1, by direct computation and Ricci formula, we have 

f) a a a a a a a a a a a a a a aa 

-ViF a = A t WiF a - RlViF a + R pBy V i F p V k F 6 ViFr(g a ) kl . 
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For k > 2, by Ricci formula, it follows 

£j £j Qj (X q CL Qj Ob (X CI (X ^ CL CL 

VAV k ~ 1 F j = AV k F j + V[(i? M + * (VF J ') 2 ) * V fc_1 F J ']. 
Recall from (2.20) that 

fj a a a a 

-r;. fc = v(e^ M + vV a ). 



Then we have 



a a a a a a a f) a a a a a a a a 

y k F j - A t V k F 3 =V[(— - A t )V fc_1 F J '] + V(e^R M + VV°) * V fc_1 F' 
ot at 

a a a a a a a a a a a a a a 

+ R N * VF j * V 2 F j * V k ~ 1 F j + V[(F M + Rn * (VF J ') 2 ) * V fc_1 F J '] 

a f) a a a a a a a a a a a a 

=V[(^ - A)V fe ~ 1 ^] + V{(i? M + Rn * (VF-0 2 + (e^R M + W°) * V*" 1 ^'} 

fc 1 CL CL CL 

= V l [(R a M + Rn * (VF J ) 2 + e^R M + W") * V k ~ l F j }. 

1=0 

This proves the lemma. 

# 

For each k > 0, let be a smooth non-increasing function from (— oo, +oo) to 
[0, 1] so that £ k (s) = 1 for s £ (-oo, \ + ^fft], and f fc (s) = for s 6 [| + ^); 
moreover for any e > there exists a universal Cfe i£ > such that 

l^)l + l^)l<^(*)^ 



Lemma 2.11 There exists a positive constant T 4 , < T 4 < T 3 independent of 
j such that for any geodesic ball B y a(.^(xo,5) C Dj, there is a constant C = 
C(a, 5, E , C , ko) such that the smooth solution of (2.23) satisfies 



|VF J | 9 a(. it )^a ^ C 



on B ga{ . fi) (x ,f) x [0,T 4 ]. 



Proof. We compute the equation of |VF J : | 2 a( . ha . For simplicity, we drop the su- 
perscript j. By (2.20), we have 

Q a a a a a a a a a a a a a 

(- - A t )| VF\] a[ . Aha = (Ric(M n ) *VF + R N * (VF) 3 , VF) jT - 2| V 2 F| 2 a( . it)>/ia 

+ e^(Ric(M n ) + VV + Vy? a * V</? a ) * VF * VF 

< -2|V 2 F| 2 a( . it)> , a +C(n,fc ,T)|VF| 2 a( . it)i/ia + C(n)C |VF|J, ( . it)ifco . 

(2.30) 

15 



Setting 

PA (x, t) = (d 2 ha (f(x), F(x, t)) + A)\VF\U,t),h« 
where A is determined later, and combining with (2.27) and (2.24), we have 

^p A ^ Ap A -2|V 2 F|^ iha (4 a (/(^),^^)) + ^)-|VF|5 a ,, a 

+C(n)C (d 2 ha (f(x),F(x,t)) + A)\VF\t«,h« + C\VF\ 2 ^ ha + C(n, k ,T)p A 
+2|V^.(/(x),F(x,t))| fl .|V|VF|J. ( . >t)iAa | fl .. 

Since 

\Vd 2 ha (f(x),F(x,t))\ 9 " < 2d ha (f(x),F(x,t))(\VF\ gaih a + \Vf\ g a ih a) 

^ CVt+CVt\VF\ g a :h a, 
a a a a a a 

\^\^ F \g"(;t),h"\g a ^ 2 |V F| 9 a )h a|VF| s a jh a, 

by choosing T 4 = min{T 3 , 4C(n ) CoC2 }, A = 4C( * )Co , and applying Cauchy-Schwartz 
inequality, we have 

(l-A)p A ^-(C(n)C )f? A + C. 

Here and in the following we denote by C various constants depending only on n, 
ho, T, Eq and a. 

We compute the equation of u — ^( Vt-.o^o, l ^p A a t the smooth points of 

d g a(.,o){xo, •), 

a 

(|-A)« ^ C7fr-(C(n)(7o)pfo-2(^ 

By the Hessian comparison theorem and the fact that —£[ ^ 0, we have 



a a 



v ( v 4 <i 9 .(-,o) < v°v°<i a . ( , 0) + (r(.,o)-r(.,f))*vtv ( , 0) 

<V(-,o) 

-4i^V(-,o) ^ —7— • 



These two inequalities hold on the whole manifold in the sense of support functions. 
Thus for any x\ G M n , there is a function h Xl which is smooth on a neighborhood 
of xi with h Xl (-) ^ d g a(. )0 )(x , •), h Xl {x x ) = d g a(.^(x , xi) and 

-t[kh Xl | X1 <2^P. 
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Indeed, h xi can be chosen to having the form d fl a(. i0 )(g, •) + d 9 a(. )(g, x ) for some q, 

a 

so we may require | V/i Xl | g «(.,o) ^ 1- Let (xi,t ) be the maximum point of u over 
M n x [0,T 4 ]. If t = 0, then ^ E . Assume t > 0. At the point (xi,t ), we 
have -^(^iPa)(xi, t ) ^ 0. If x\ does not lie on the cut locus of xo, then 

2C(\Q + \e{\))PA+c^ 



^ 


-C(n)C p 2 A ^ + 


1 


( p nk T ClI 2 




-C(n)C p 2 A ^ + 


c 






-C(n)<>ki + 


c 








+ 


c 



We get 



£iPa ^ max{E , a I — = — } 



Con- 
fer all (x,£) e -B 9 a(. j0 )(x , 5) x [0,T 4 ]. If xi lies on the cut locus of x , then by 
applying the standard support function technique (see for example [IE]), the above 
maximum principle argument still works. So by the definition of £1 and p A , we have 

a a ■ C 

|VF J | s a(. jt)jh a ^ — 

on B g a^. )(xo, x) x [0; ^4]- The proof of the lemma is completed. 

# 

The next lemma estimates the higher derivatives in terms of the bound of 



IVF-? 



g a (-,t),h a - 



Lemma 2.12 Let F be a smooth solution of equation 

f) a a 

( 5 -A)F=0 
on 5 9 a(. )(xo, S) x [0, T], with T ^ T. Suppose 

a a 



sup IVFlsftO.oj.ftjflCa:,*) < £1, 

(x,t)eB s a ( . i0) (x ,f )x[0,T] 



■7 



a 



(2.31) 



and sup |V F| fl a .(.,o),h»„(^) 0) ^ £1. 



Tnen /or any k ^ 2, there exists a positive constant C = C(k, Ei, 5, k , T) > swca 
iaai 

a a 

|V fc F| 9a( , t)i/l a < Cr^ 2 (2.32) 

on B g a ( . t0) (x , f) x [0,T]. 
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Proof. The proof is using the Bernstein trick. We assume 5 < 1 without loss of 
generality. For k — 2, from (2.15), (2.19), (2.20) and (2.29), we have 







i 



i "<J _ . — . "a a a u . . _ a " ? a a _ a 



(^ " A,)|V 2 F|^ ( . it)jha = (£ V l [(R M + ^ * (VF^) 2 + e^R M + VV) * V^F], V 2 F> s ^ 



1=0 

a a 

l n<£ u t ~Dns>t 1\/T n \ l Xl'2,„a l 

l<?°(-,*) 



2|V 3 F| 2 , t) ha + e^(Ric{M n ) + VV + V</? a * Vy? a ) * (V 2 F) 2 



°3 a 2 a 2 ° 2 C a 2 a 

< -2|V F\ ga( . )t)A a + C|V ^^(.^a + ^V(-,*),>> a - 



(2.33) 



In this lemma, we use C to denote various constants depending only on E±, k , T, 
k and 5. Note that by (2.30) and (2.33), we have 

(;|-AJ|VF| 2 a( ^ 



dt 

~ A t)|V 2 F| 9 a ( . it)i/l a ^ C\V 2 F\ g a { . )t))h a + . 



f) a a a a a f> 



So by setting 



we have 



v = | V 2 - 2CVt + 2CVf + |VF| 2 0( . jt)) ^, 



" A> < -2|V 2 F| 2 a( . it)jha + C|V 2 JV(,t),^ + C 
^ -w 2 + C. 

Since at t — 0, 

u < 2CVf + + £ 2 
on S 9 a(. )(xo, ^), we apply the maximum principle as in Lemma 2.11 to get 

d ga{ , 0) (x ,.) ^ c 



on B g o(. j0 )(x , ^) x [0,T]. This implies 

a a 

|V -P| 9 «(.,t),/ l a < c 

on J B 9a( . i0 )(x ,(i + ^)5) x [0,T]. 
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Now we estimate the third-order derivatives. From Shi's gradient estimate [2T)j . 
the estimate of \V 2 F\ g a { . )t))ha < C and (2.15), (2.19), (2.20) and (2.29), we have: 

2 

(^ - k t )\v" a F\u,t)^ = (E ^[(^ + * + e ^ + ^ 2e¥,a ) * v*~ l h v 3 F) ga ,,. 

- 2|V 4 F|2 a( . ii)ih£l + e^(ffic(M n ) + VV + V<^ a * V<^ a ) * (V 3 F) 2 

*C -2|V*F|J. ( , t)>fc . + C|V 3 F|^ ( . it)i/ia + ^|V 3 !V ( ,^. 

(2.34) 

a 

on Bga^.Q^XQ, (| + |)5) x [0,T]. Here we used the estimates |V 4 e ¥ ' a | 9 a ^ -^L, 

|V 3 e^| 9 « < C(l + |logt|), and |V 2 i^| < f- 
By (2.33), it follows 

(^ - k t )\V 2 F\ 2 ga{ .^ ha ^ -2|V 3 F|^ ( . it)j , a + ^ (2.35) 
^(,o)(xo,(| + 1)6) x [0,?]. Let u = {\V 2 F\ 2 ga[ .^ ha + ^)|V 3 F|^ ( , t) ^, where 

a a 



on ±s 5l 



a a 

^4 = 100 sup I V 2 F\ g a r ^ h a (x,t) + C. By a direct computation, it 



follows 



j t -k)v < |V 3 F|^ ( . it)i/ia (-2|V 3 F|^ ( . it) ^ + ±L) + (\V 3 F\U.,t), h * + ^ 
x(-2|V 4 F|^ ( . it)i , a + C\V*F\ 2 ga{ . Aha + y|V 3 IV(-,*),wO 

a a a a a a 

+ 8|V i*V(.,t),fc»|V ^| s a(. jt)j/l a|V F^^fta. 

Since 

we deduce 

(- - A)v ^ -\V 3 F\ ga{ .^ ha + -\V 3 F\ ga{ ., Ua + —\V 3 F\ 2 ga{ .^ ha 

and 

(^ - A) (to) ^ v - t\V 3 F\ ga{ .^ ha + C\V 3 F\ ga[ .^ ha + CVt\i 3 F\ 2 ga( . itlha 

< -\{t 2 \^F\U,t)M - CVt{Vt\V 3 F\ ga[ .^ ha ) -tv- CVi(t\V 3 F\U.,t), ha )} 

^ t l 10 5 C 2 5 
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So at the maximum point of &( ' V( "' / a0 '' ) )M» applying the maximum principle as 
in Lemma 2.11, we have 



t io 5 c7 2 soj v e 



3 



< l r 6(fa) 2 41 



which gives 



&(ft;) ^ VlOeC 6 . 
Thus by the definition of u and £ 3 , we get 

on B (x ,(\ + ^)S) x [0,T]. 

Now we estimate the higher derivatives by induction. Suppose we have proved 
that 

a a 

I V'F| fl a ( . )t)>h a < Cr t 2 for I = 3, • • • , k - 1 
on B (x , {\ + £)6) x [0,T]. By (2.29), we have 

^ a a , a i a . a a a a a a _ ? . a " " 



" A,)|V fe F| 2 a( .^ a = v'[(i? M + * (VF) 2 + e* a R M + VV) * W k ~ l F], V 3 F>^ a 

1=0 

- 2\V* +1 F\ 2 ga( . >t)Aa + e^{Ric{M n ) + VV + Vy? a * Vy? a ) * (V fc F) 2 

k— 1 

^ -2| V^F^.^ + C|V fc F| 2 a( . jt)) , a + C(n) £ I V'[iL + 4 * (VF) 

i=i 

+ 6^ Rm + V e^" ]| 9 «,/i«|V F\ g a^ h a\V F\ g a^. t ) h a. 
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By the induction hypothesis, the local derivative estimate of Shi, and (2.15), (2.19) 
and (2.20), it follows 

^ a a a a 

2 , 1^ -RM|g a |V ~ F\ g a(.fi jh a ^ 



Z=0 

fe-1 n 



X)|V'[i?v*(VF) 2 ]| fl .|V 2 - , l'| fl .(, t ) >fc . < -Sr + ClV^lp.^., 



fc-i 



^ [V' +2 e y | 3 a|V fe '-F| g a(. )t ) i?l a ^ 
a a a a 

' <i ^\V l e LP R M \ g a\S/ k l F\ g a(.j^ h a <i 



1=0 



t— 
c 

fc-2 ' 
t 2 



c 

fc-1 

t— 



This gives 



Q a a a a a a a (J a a 

— - A t )\V k F\ 2 ga( .^ ha ^ -2\V k+1 F\ 2 ga{ .^ ha + C\V k F\ 2 ga{ .^ ha + V fc F| fl a ( . )t))ft a, 



5 a « fc a a fc a (7 

_ A t )|V (-,*),&« ^ C|V F| g a(. jt ) )ft a + -^3T, 

Let e = 2 ^~2^ — 1) then < e < 1 for fc > 4. It is clear that 

(| - ajiv^i^^ < c\v k h g z t)M + ^ k h^)^ 

and 

f) a a a a a a a a a 



-at 



- AJ(|V fe F|^ t)iha + IV^F^.^) < -2|V fc F|^ ( . ;t))/ia C|V fc F|^ ); , a 



4- C IX7 fc Pl e 4. ^ 

FT I v p \ g °-(-,t),h°- + 



, ..... ' , I/C— - ' 



on fl fl - ( . i0 )(a;o, + x [0,T]. 
Let 

v = t k -\\v k F\]ti^ ha + 

Then we have 

(|- A )^ < (k-?,)- + t k -\-\V k hlH,t)M + 

Ul l l 2 t 2 

t 

1 r 2 

<; _C} 
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on £y>(. )(x , (i + x [0,T]. Similarly, at the maximum point of £ fc (^^^^)t>, 
we have 



/ 12 
fcl 



< - - C£*\ - C} 

since ^ > 1- So we proved the fc-th order estimate 

a a k 2 

\V k F\ g a ( . !t)jh a < Cr^T 

on B g a(.fi)(xo, (| + ^tt)^) x [0, T]. This completes the proof of the lemma. 
Now we are ready to prove Theorem 2.7. 
Proof of Theorem 2.7. 



# 



Since Dj D B g a(. ^(P,j + 1), by choosing 5=1 and T = T 4 in Lemma 2.11 and 

a 

Lemma 2.12, we get a convergent subsequence of F J (as j — > oo) on B g a(.^(P,j) x 

a a 

[0,T 4 ]. Denote the limit by F (as j — > oo). Then F is the desired solution of (2.3)„ 
with estimates (2.22). 

Finally we prove a uniqueness theorem for the solutions of (2.3)' a with estimates 
(2.22). 

a a 

Lemma 2.13 Let F and F be two solutions of the intial problem (2.3)' a on [0,T] ; 
f ^ T, with estimates (2.22). Then F = F on [0,f]. 



Proof Set ip(yi,y 2 ) = \d\ N n^ a) {yi,y2) and p(x,t) = ij)(F(x,t),F(x,t)). Then 
i/)(x,t) is smooth when ip < Now by the same calculation as in Lemma 2.8, we 



(^ - A t )p = -HessmX t ,X,)(gT 

where the vector fields X^ i — 1, 2, • • • , n, in local coordinates (y", y%) on iV n x N n 
are defined as follows 

dF a d dF? d 



dx i dyf dx i Qy^ 
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By the estimates (2.22), we know that there is a constant < T' ^ T such that 
there holds 

i 2 n 2 
p < mini — , — =-}. 

on M n x [0,f'\. 

Similarly as in the proof of Lemma 2.8. By using the computation of Hess(ip) 
in [HI (the formula (16) in [T§|). for any (u,v) G D = {(u,v) : {u,v) G N n x 
N n with d N n(u, v) < min{^, —j=}}, and any X G T( U>V )D, 

2y Co 

pt pr 

Hess(^)(X,X) ^ - t(R(e u V)V, ei )- t(R{e u V)V, ei) 

jo </ o 

where V is a Jacobi field on geodesic cr (connecting (v, v) to (it, f )) and a (connecting 

a a 

(u,u) to (u,v)) with X as the boundary values. Since \VF\ g a jh a and \VF\ g a jh a are 
bounded, we know from above formula that 

Hess^X^X^f^-Cp 

on M n x [0, T ']. Thus we have 

(|-A,)p«Cp 

on M n x [0, T 7 ]. By the maximum principle, it follows that p = on M n x [0,T']. 
Then the lemma follows by continuity method. 

# 

2.2.2 Proof of theorem 2.6 and Theorem 2.1 
Proof of Theorem 2.6. 



Let us check the initial data. Now / = identity, so 



a 

12 



|V/|^ ( ,o)^=^(-,0)^(-,T) 

< ne 2nkoT 



[2.36) 



l V f\ 9 a (;0),h a - l r ij('> ) —Tij(',T)\ga(. fi -) tha 

^ C(n, k Q , T) / e^dVRulg^t) + \R M * WVo,*)) 



a a 







a 



a a 
72,_a| i l\~73,-a| 



+ IWV(-,*)l V VV(-,t) + |VVU-,*))^ 
T 



(2.37) 



/" 1 

^ C(n,k ,T) / — + \ \ogt\dt 

Jo yt 

^C(n,k ,T). 
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By applying Theorem 2.7, we know that there is S > such that (2.3) a has a 

a 

smooth solution F on M n x [0, S ] with estimates (2.22). In views of Lemma 2.12 

a a 

and Lemma 2.13, in order to prove Theorem 2.6, we only need to bound | VF\ 2 a ^ ^ ha 
uniformly on a uniformly interval [0, T±\ with T\ independent of a. To this end, let 

T = sup{T | To ^ T, (2.3) a has a smooth solution on M n x [0,T ] 

a a 

with sup \VF\ 2 ga{ . it)iha < oo}, 

M n x [0,f ] 

We will estimate T from below. 

a a 

We come back to the equation (2.30) of | VF\ 2 a ^ ^ ha , where there holds 
( _ A t )|VF|J. ( , t)>fc . < -2|V 2 F|^ ( . it)iha + A*, T)|VF|J. ( . >t)>fco + C 2 (n, fc , T)|VF|J. ( , i)>fc . 



on M™ x [0, T\. We remark that F is defined on a complete manifold with bounded 

a a _ 

curvature and sup M „ x [ ^ |V-F|^ , _ ^ fta < oo, for each T < T. So by applying the 
maximum principle on complete manifolds, we have 

d~^~ a a act a a 

— (sup |VF| 0( t) fto ) s= Ci(n, fc , T) sup | VF| „ ( t) h „ + C 2 (n, A; , T) sup | VF| a , t) ha 

(XI M n M n M n 

where 4^ is the upper right derivative defined by 



d + u(t + At)-u(t) 
—u = hmsup . 

at At\o At 

By combining with (2.36), we have 

sup \VF\U;t)M < 2ne 2nkoT , 

M n x[0,T ] 

provided T ^ min{T, Cl(n ^ T)+2 t^ T C2 (nM,T) }- 

a 

By Lemma 2.12 and Lemma 2.13 and Theorem 2.7, the solution F exists smoothly 

a a _ 

until |VF|2, ( . it)>ho blows up, so we know T > min{T, Cl{M)+2 3^ ' c 2 (nM^ - B ^ 
choosing Ti = min{T, Cl(TO;fc0iT)+2? l o e L 2 fc0 T C2(raifc0iT) }, Theorem 2.6 follows. 

# 

Proof of Theorem 2.1. 

Note that y? a = on B g{ . tT) (P,a), and ^-(x,t) = e^ 9ij {x,t), h a a ^y) = e^h a/3 . 
It follows that 

9ij(x, t) = g i:j {x, t) on B g{ . tT) (P, a), 
24 



Kpiv) = Kp(y) on B g (. tT) (P, a). 

a 

By Theorem 2.6 and estimates (2.21) and letting a — > oo, the solutions F of (2.3) a 
on M n x [0, Ti] have a convergent subsequence so that the limit is a solution of (2.3) 
with the estimates (2.4). 

# 



3 The uniqueness of the Ricci flow 



3.1 Preliminary estimates for the Ricci-De Turck flow 

Let F(x,t) be a solution to (2.3) in Theorem 2.1 on M n x [0,T ]. Let ftj(M) = 
h a p(F(x,t))^-^- be the one-parameter family of pulled back metrics F*h. We 
will estimate gij(x,t) in terms of c/ij(x,t). 

Proposition 3.1 There exists a constant < T 5 < T depending only on k and T 
such that for all (x,t) G M n x [0, T 5 ], we have 

-gij{x, t) < g i:j (x, t) < C(n, k , T)ga{x, t) 



C(n,k ,T)- . 

~ k C(n,ko,T,k) 1 • ) 

| V g\g ^ 

t 2 

/orfc = l,2,... 

Proof. We first consider the zero-order estimate of gij(x,t). The estimate |VF| 2 = 
#i?<7 y < C in (2.4) implies gij(x,t) < Cgij(x,t). For the reverse inequality, we 
compute the equation of gij(x,t): 

^~ 9ij = A~ 9ij - 2R lk F?F?h a( ig kl + 2R a ^ 5 F t a F^ F]F?g kl - 2h af3 F^ j9 kl 

> A~ 9ij - 2R ik9jl g kl - 2k \VF\ 2 9ij - 2\V 2 F\ 2 g tJ 

> A 9ij - 2R ik g jl g kl - C{n, k , T) 9ij , 

by (2.4). Combining this with the Ricci flow equation gives 



d 1 1 

(— - A)(^- + C(n, ko, T)t 9ij - 2ne2nkoT 9ij) > -2R tk (~g l3 + C(n, k , T)t 9lj - 2neW S 

Note that at t = 0, 

(9iJ + C(n, ko, T)t 9ij - 2ne l nkoT 9ij) \t=o= 9ij(; T) - ^— 0) > 0. 
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By applying the maximum principle to above equation, we obtain 

9a + C ( n , k o, T)t 9ij - 2ne ] nkoT 9ij > 
on M n x [0, T ]. Let T 5 = min{T , Ane 2 nk() T C{nMhT) }- Then we have 

This gives the zero-order estimate of gij(x, t). 

For the first order derivative of c/ij, we compute 

v k9ij = (v fe - v k ) 9ij = (r l ki - r l ki ) 9lj + (r l kj - r l kj ) 9li 

and 

= \^k^iF a -^ f h a/3 \g 

^ C(n,k ,T)\V 2 F\ gA \VF\ gA 
< C(n,k ,T). 

This gives the first order estimate. 

For higher order estimates, we prove it by induction. Suppose we have showed 

|V%^4?r for Z = l,2,...,fc-1, 

t 2 

|V J (r-f)| 5 <4 for i = 0,l,...,fc-2. 

Since by induction 

fc-i 

= \J2 vk ^ J ^ T ~^*^* v il (r-f)*---*v i '(r 

3=0 ii+l+-+i q +l=j 
k-1 

C(n, ho, T) iV^iV'F * VF)| 9)h 



x Yl |v^r-f)| § --.|vSr-r% 

ii+l+-+i g +l=j 

< C7(n,fc a> r,fc)( nE l T 4r + 4r) 

t 2 t 2 t 2 

C(n,k ,T, k) 



t 2 
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and 

k-l 

^v^r-f)*^- 1 -^, 

i=0 

then we have 

t 2 

This completes the induction argument and the proposition is proved. 

# 

Proposition 3.2 Let F(x,t) be the solution of (2.3) in Theorem 2.1. Then F(-,t) 
are diffeomorphisms for allt G [0, T 5 ]; moreover, there exists a constant C(n, ko, T) > 
depending only on n, k and T such that 

d h (F( Xl ,t),F(x 2 ,t)) ^ e- c ^ k ^d h ( Xl ,x 2 ) 

for allx 1 ,x 2 G M n , t G [0,T 5 ]. 

Proof. Note that _ ; 

—gij(x,t) < gij(x,t) < Cgij(x,t) 

implies that F are local diffeomorphisms. So we only need to prove that F(-,t) is 
injective. Suppose not. Then there exist two points x\ ^ x 2 , such that F{x\,t) = 
F(x 2 ,t), for some to G (0, T 5 ]. Assume t > be the first time so that F(x±,t) = 
F(x 2 ,t). Choose small 5 > 0, such that there exist a neighborhood O of F(xi,to) 
and a neighborhood O of X\ such that t) is a diffeomorphism from O to O for 

all t G [to — 5, t L moreover, letting 7 t be a shortest geodesic( parametrized by arc 
length) on the target (N n ,h a p) connecting F(x 1 ,t) and F(x 2 ,t), we require 7 G O 
for t G [t — 5, to] • We compute 

^d h (F(x u t),F(x 2 ,t)) = (V^'(l)) h -(Vn'(0)) h 

where 7(0) = F(xi,t) , 7(7) = F(x 2 ,t), and V a = AF a . Now we pull back every- 
thing by F" 1 to O, 

^d h (F( Xl ,t),F(x 2 ,t)) = (P^V-V n '(0)) F * h 

> - sup |W| (x, t)d h (F(x u t),F(x 2 ,t)) 



V k g = 
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where is the parallel translation along F l ^ using the metric F*h. By (2.4), 

3F a 

\V k V% = |V fc (AF«— Mb 



8F a 

^ \V k {/\F a ^h aP )\~ g + C\Y - ry V 2 F\ a , h \VF\ g , h 

^ C{n, ko, T)(\ V 3 F| 9 ,,| VF\ 9:h + | V 2 F| 2 , + | V 2 F|^| VF\ g , h ) 
C(n,k ,T) 



It follows that we have 

d h (F( Xl , t),F(x 2 , t)) ^ e c ^-^ 5 U h (F(x u t ),F(x 2 , *„)) = 0, 

for t G [t — 5, t ], which contradicts with the choice of t . So F(-,t) are diffeomor- 
phisms. 

By choosing O = N n , O = M n , the above computation also gives 
d h (F( Xl ,t),F(x 2 ,t)) > e- c ^ k0 ' T U h ( Xl ,x 2 ). 
The proof of the proposition is completed. 

3.2 Ricci-De Turck flow 

From the previous section, we know that the harmonic map flow coupled with 
Ricci flow (2.3)with identity as initial data has a short time solution F(x, t) on 
M n x [0, T 5 ], which remains being a diffeomorphism with good estimates (2.4). Let 
(F _1 )*g be one-parameter family of pulled back metrics on the target (N n ,h a p). 
Denote g a /3(y,t)- Then g a p(y,t) satisfies the so called Ricci-De Turck flow: 

§£9*f}(v, t) = -2R a p(y, t) + V a V p + V p V a (3.3) 

where V a = g^{T^{g) - T^{h)), T^{g) and T^{h) are the Christoffel symbols of 
the metrics g a p{y,t) and h a p(y) respectively. 

By (3.1) of Proposition 3.1, we already have the following estimates for g a/3 (y,t) 

Kp{y) ^ 9ap(y,t) ^ C(n,k ,T)h af3 (y) 
|Vfc| fc ^ °^ k ^ k \ (3.4) 

t 2 

on N n x [0,T 5 ]. 



C(n,k ,T) 
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Let gij(x,t) and g~ij(x,t) be two solutions to the Ricci flow with bounded cur- 
vature and with the same initial value as assumed in Theorem 1.1. We solve the 
corresponding harmonic map flow with same target (N n ,h a p) = (M n , gij(-,T)) by 

= AF(«,«), 



F(-, 0) = identity, 



and 

9 



—F(x,t) = AF(x,t), (36) 
0) = identity, 

respectively. Then we obtained two solutions F(x,t) and F(x,t) on M n x [0,T 5 ]. 
It is clear that F(x,t) still satisfies (2.4), Proposition 3.1 and Proposition 3.2. Let 
g a/ 3(y,t) = (F~ r )*g(y,t), then g a p(y,t) still satisfies (3.4). Now we have two solu- 
tions g a p{y,t) and g a /3(y,t) to the Ricci De-Turck flow with same initial data and 
with good estimates (3.4). 

Proposition 3.3 There holds 

9at3(y,t) = g al 3(y,t) 

on N n x [0,T 5 ]. 

Proof. We can write the Ricci-De Turck flow (3.3) by using the fixed metric h a p{y) 
in the following form (see 20j): 

i) _ . „ [ , 

-q^p =g l5 V J V 5 g a (s - g^gatg^R^ns - g^gp^Ra^s + t^V^V^V^ 

(3.7) 

where g a p = h a p, V and R are the covariant derivative and the curvature of g a p. 
Note that g a p also satisfies (3.7), then the difference g a p — g a p satisfies the following 
equation: 

^(g - g) =g^^8(g -g) + g' 1 * r 1 * V 2 ^ *(g-g) 

+ g~ * g * R m * (g ~~ g) + g 1 * g~ * g * g 1 * Rm * (g — g) 

+ g~ * 9 * g~ * Vg * V g * (g — g) + g~ x * g~ x * g^ 1 * Vg * Vg * (g — 
+ g' 1 * T l *Vg* V(g -g) + g' X * g' 1 *Vg* V(g - g) 

(3.8) 

since g af3 - g afi = g ai g^(g v ^ - g v t)- Let 

\g - g\ 2 = g aj g^ 5 (gap - g a p){g 1 s - <7 7 $). 
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It follows from (3.8) that: 

(§- t -9^^s)\g-g\ 2 < -2/W { (% r V^(V,j Tj -%) 

+ioo[| J Rm|(i + Ml^Dlr 1 ! + Iv^Hr'lk" 1 ! 

+|v 5 | 2 (r 1 l 2 b- 1 l + r 1 lb- 1 ll 2 )]b-5l 2 
+ioor 1 | 2 (|v^| + |v^|)|v(^-^)||^-^| 

where all the norms are computed with the metric g — h. By Cauchy-Schwartz 
inequality and (3.4), we have 

(^ - <? 7<5 V 7 V 5 )|<? - g\ 2 ^ - 2g^~g ai f 5 {^^ap ~ V^ Q/3 )(V„0 7 , - V„^) 

+ ^b-^| 2 + C|V( 5 -^)lb-5l (3.9) 

on iV™ x [0,T 5 ]. 

Let 9?i be the nonnegative function in Lemma 2.2 with a — 1, then 
1(1 + < ^(^^Cod^p) on N n \B(P,2), 

|Vy?i| + IVViI^C 1 , onF. 

For any fixed £ and any e > 0, consider the maximum of |<? — g\ 2 — sip. Clearly, the 
maximum is achieved at some point F e * and there hold 

\g-g\ 2 {Pt) > \g-g\ 2 (y)-e V (y), 

\V\g - g\ 2 \{Pl) < Ce , V a V p \g - g\\l*) < Ce^(^) 
for all y G A r ™. This gives 



limsup \g - g\ (P £ ) = sup \g - g\' 

g aP Vj/p\g-g\ 2 {Pl)^Ce 
by the equivalence of g and g. 



(3.10) 



Define a function 



\g ~ g^naxit) = SUP |0 - C/| 2 (?/,t). 

yeN n 



By (3.9), and (3.10), we have 

d + C 

-^\g - gLaxit) < -^Ig - g\max(t) 

and then 

\g-g\ 2 m ax(t)^e cVT \g-g\ 2 max (0) = 
Therefore the proof of the Proposition 3.3 is completed. 



# 
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3.3 Proof of the main theorem 



Let gij(x,t) and g~ij(x,t) be two solutions to the Ricci flow (1.1) with bounded 
curvature and with the same initial data. We solve the corresponding harmonic map 
flow (3.5) and (3.6) with the same target (N n ,h a p) = (M n , gij(-,T)) respectively. 
We obtain two solutions F(x, t) and F(x, t) which are diffeomorphisms for t G [0, T5], 
where T5 > depends only on n, ko, T. Then (F^ 1 )* g and (F _1 )*£/ are two solutions 
to the Ricci-De Turck flow with the same initial value. It follows from Proposition 
3.3 that 

{F^fg = (F-rg, 

on N n x [0, T 5 ]. So in order to prove gij(x,t) = g~ij(x,t), we only need to show 
F = F. Let 

V a (y,t) = g^(T^-T^) = -(AFoF- 1 r 
V a (y,t) = tfi(f^-T%) = -(AFoF-i)°. 

be two one-parameter family of vector fields on N n , where g a p{y, t) = ((F~ r )* g) a p(y, t) 
and g a p(y,t) = ((F~ l )*g) a p(y, t). By Proposition 3.3, we have g a p(y,t) = g a p(y,t), 
thus the vector fields V = V on the target N n . Therefore, F and F satisfy the same 
ODE equation with the same initial value: 

d 

3i F = V ° F - 
F(-,0) = identity, 

and 

F(-,0) = identity, 
By the same calculation as in the proof of Proposition 3.2, we have 



dt 





—d N n(F(x,t),F(x,t)) ^ sup \VV\{y,t)d Nn (F{x,t),F{x,t)) 

^ -=d N n(F(x,t),F(x,t)). 
y/t 



This gives 

d N n(F{x,t),F{x,t)) < e cVT d N n(F(x,0),F(x,0)) = 0, 
which concludes that 

F(x,t) = F(x,t). 

Thus g(x,t) = g{x,t), for all x G M n and t G [0,T 5 ] and for some T x > 0. Clearly, 
we can extend the interval [0,71] to the whole [0, T] by continuity method. 
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Therefore we complete the proof of the Theorem 1.1. 

# 

Finally, Corollary 1.2 is a direct consequence of Theorem 1.1. Indeed, since G is 
the isometry group of gij(x, 0), then for any a G G, <J*g(-, t) is still a solution to the 
Ricci flow with bounded curvature and cr*g(-, t) \ t =o= cr*g(-, 0) = g(-, 0). By applying 
Theorem 1.1, we have a*g(-,t) = g(-,t), Vt G [0, T]. So the corollary follows. 

# 
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